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Answer all the following questions No. of questions : Two Total Mark: 70

Question 1 [35 marks]
(a) Show that v (x,y ) =y 3 —3x 2y is harmonic and find u (x ,y ) such that

f (z)=u+iv isanalytic, express f (z )intermsof Z only [10 marks]
(b) determine the residues of f(z) = :Z [5 marks]
(c) Prove f (z)=sinz cosz is differentiable at any point [5 marks]
(d) Evaluate the following integrals: [15 marks]

(i) ch (z +sinz)®dz ;cis|z|=5

2

. z . i i
I dz ;cis|z —3i|+|z —11i|=10
() f'!.) (1+cosz )3 | I+ |
4 —3z . 1
i ————dz ;cis|z —1==
( )ch.D z (z —1)% | | 2
Question 2 [35 marks]
(a) Find the Fourier series of the function [10 marks]
¢ X =7 = <x <0 Con=o g
CI=1x  lo<x<q  Andf(xtam) =fx) thenfind Y —=
n=1 (2n 1)

(b) Expand the function f(x)=x ; xin[0, n/2] and f(x+2m)=1f(x) [10 marks]
in Even Cosine Harmonic
(c) Solve the following partial differential equation: [15 marks]
Uy —4Uy, =0 ;0<x <1,t>0
B.C :u(0,t)=u(1,t)=0
. C :u(x,0)=x+1; u,(x,0)=x

Good Luck, Dr.Eng. Zaki Ahmed Zakj




Second year Mech. Engineering (power) final term Exam (Jan. 2016)

Model Answer
3 2
[1] (@) Show that V (X,¥) =Y~ =3X“Y is harmonic and find

u(x,y)suchthatf (z)=u+iv isanalytic, express f (z)interms
of Z only [10 marks]

V(x,y)=y®-3x%y >V, =—6xy v, =—6y v, =3y>-3x’ v, =6y

yy
"V +Vyy =6y —6y =0;thenv is harmonic

-+ f (z)isanalytic then u, =v, —u =Ivydx =f3y2—3x2dx

y
u=3y 2 —x3+c(y); WUy =V, >ByX +c'(y) =6xy

c'(y)=0-—c(y)=cons tant ,may be neglected

.'.u(x,y):3y2x —x3 51 (z)=u+iv :3y2x —x3+i(y3—3x2y) let y =0,x =z
f(z)=-23

(b) determine the residues of f(z) = :Z [5 marks]
Reszzozi lim [M ———
Olz >0 z(z —1)
Res, ,— —lim[Z =D& =32), ,
0!z -1 z(z -1
(c) Prove f (z)=sinz cosz isanalytic. [5 marks]

f(z)= 0.5sin 2z = 0.5 sin(2x+i2y) =0.5( sin 2x cosi2y + c0s2x sini2y)
= 0.5(sin 2x cosh 2y + i cos2 x sinh2 y)

Real part (u) =0.5( sin 2x cosh2 y); imaginary part (v) =0.5 cos2 x sinh 2y

Uy =cos2x cosh2y ; u, =sin2x sinh2y

v, =—sin2x sinh2y; v, =cos2x cosh2y ,then u, =v, and u, =-v,

So, f (z) =sinz cosz is analytic(differentiable at any point)



(d) Evaluate the following integrals: [15 marks]
a)¢ (z +sinz)?°dz ;cis|z|=5

The function is analytic (defined) inside the region then
<j5 (z +sinz)?°dz =0

(ii) c_f; a )3dz ; cis|z —3i|+|z —11i |=10
+COoSZ

The function is not defined at z = sz which is outside this region
[|7r 3i |—|—|7z —11i |] >10

;2
then (i )c_f> dz:o
(1+cosz)
i _
()cﬁ 4 322dz ;Cis|z—1|:i
s z(z —1 2

The function is not defined at z = O(outside) and z=1 (inside) the region
then

4-3z
$ 22 g = dz =271 CE=443) oAy~ g
sz (z -1 : (z —1) 7 1
Question 2
(a) Find the Fourier series of the function [10 marks]
—X -7 ;-7 <X <0 1
F(x)= X 0<x <5  Andf(x+2m)=f(x) then find Z

a1 (gn —1)°

- -,
N

The given function is odd harmonic then il

2 —4 27 .
a1 =—|xcos(2n-)x dx =— ;b,, 1 =—|[xsin(2n -)x dx =
- ﬂi z(2n-12 " n£ (2n-1)
2 .
thenf (x)= ) [—— cos(2n -Dx + sin(2n -1)x] ;
z_l m(2n — l) 2n -1

at X =0 10-1— ﬂ:i

—Zcos(Zn—l)O+ 2
2 no 7(2n =1) 2n —

1sin(2n -1)0]

=5

no1 (2n 1)



(b) Expand the function f(x)=x ; xin|[0, a/2] and f(x+2 7) = f(x)
[10 marks]
in Even cosine harmonic

4 T
a, =;f0/2xdx=”/2

4j‘n/2 o d _ 4 x sin 2nx+c052nx
. X COS 2nx x,aZn—n[ o o

Qyn =

I
cos(nm) — 1

mn2

fO)="/,+ Z( cosnr — 1 )cos2nx

(c) [10 marks]
Uy —4U,, =0 ;0<x <Lt >0

B.C :u(0,t)=u(1t)=0
|.C :u(x,0)=x+1; u;(x,0)=x

Ug —C2U,, =0 ,then c=2;L =1;f (x)=x +1;g9(X) =X +1;
2k Nz 2% 2 .
A, =—|f (x)sin—=x dx ==|(x +D)sinnzx dx =—[2(-D)" " +1
n =] f ()sin= 1g() 7 —[2(-1)"+1]

1 n+1
B, =LJ9(X)SinnL—ﬂx dx -2 x sinnzx dx _&D

2n7Z0 (n7z')

then;

it ‘B, sin CnLﬁt )

= . nxx n
u(x,t)= Zsm%(An c0s°
n=1

Good Luck, Dr.Eng. Zaki A. Zaki



