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Q1) Evaluatethefollowing integrals: [25]

T T t?dt 0 e - cos3t
Ix edx _C02) 4, [erPracagy [ E——
J(;X H<}34Z ~62+5 i '([\/3't g)( t

) dt

Q2) Find v(x)y), such that f(z) = u(xy) + 1 v(xyy) is anaytic, where

u(x,y)= €‘(xcosy-ysiny), then express f(z) in terms of z. [10]
Q3-a) Find Laplace transform for the following functions: [10]
p— t 0<t<2

i) f(t) = cos2t cosh3t + % Cii)gt ={ 2 2<t<3 l+ (t-3)2U(t-2)
t-1 t>3
b) Find inverse Laplace for the following functions: [10]
-2S
F(s) = se N 1 1 3s+2

$+6s+20  (3s+4)%° 6= s3(s? +9) T P+65+5

Q4) Evaluate the following integrals: [15]

) §——"— cos(2) dz , wherecisthecirclelzl =
cz°-6z+5

dz , c.lz-21+1z+2 =
1)) §>(22d+9)2 , using Cauchy’s residue theorem c: Iz+1-il = 3.

Q5) Solvethefollowing differential equations using L aplace Transform: [10]
)3y +4y=¢", y(0)=13, i)y +y=2t, y0)=3,y(0)=1
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/Model answer

Answer of O1

z = 5isoutside contour, while z =1 isinside contour, therefore

i cos(2) dz = qscos(z)/(z 5) dz =

I cos(1
tz2-62+5 c z-1 Zn )
D 2. T o2 d
XA gy = (e gy Puty= (x=2)2= dy=2(x-2) dx = dx= -
| J y=(x-2?%= dy=2(x-2) 2%

o0

therefore je'(x‘z) J' yY2eYdy = \F
Potidt
j\/ﬁ \/_B(mn) wherem-1=2andn-1=-%i.,ee m=3andn=%
0
© e _cos3t, 3 e? - cos3t _® 1 s Js2+9
[ ed=l =) (5o g™ 75 s
%InlS
Answer of Q2

= €(xcosy - ysiny + cosy), U, = €(-xsiny - siny - ycosy), since f(z) is analytic,
therefore f(z) satisfy Cauchy Riemann such that uy = vy, = €(xcosy - ysiny + cosy), thus
by integration with respect to y, we get v(x,y) = €(xsiny + ycosy) + ¢ (), thus:

= €(xsiny + siny + ycosy) + ¢ (X) = - u= -€(-xsiny - siny - ycosy), therefore
¢ "(x) =0, hence ¢ (x) = c, thus v(x,y) = €(xsiny + ycosy) + c. Put y=0, x = z , we get
f(z)=z¢€.

Answer of O3
3 3t s-3 s+3
L{cos2t cosh3t} = L{cos2t(e* + e*)/2} = 2 = 3)2+4+(s+3)2+4]
cos2t-cos3t, _ ¥ _ $+9
L = [ ete® = oGy



t 0<t<2
Since g(t) =4 2 2<t<3 ! ={[u(t) - ut-2)] + 2[u(t-2) -u(t-3)]+ (t-u(t-3)= tu(t) -
t-1 t>3
(t-2)u(t-2) + (t-3)u(t-3), therefore  G(s) = 1S’ - (1/s?)e® + (S )e™
h(t) = (t-3)? U(t-2) = (t-2 -1)® U(t-2) = (t-2)® U(t-2) -2(t-2) U(t-2) + U(t-2), therefore
H(S) = (21s*)e® - (US )e™ + (Us) €
b)

se® | 1 _ (s+3-3)e* 1

- th

F(s) =

f(t) = e 3¥I[cosVI1(t-2) - %a‘ nvI1(t-2)]U(t-2) + 5_14 e (32

G( ) 3s+2 _ 1 + 3(S+3-3)+2
s3(s2 +9) " 6545 S(2+9)  (s+3)%-4

, therefore

sm3u) q 1 t2+cos3t

= - 3t _3t = _
9 = J(u u + 3e costh2 sinh2t= o[ S +=-1+

363 cosh 2t - ; &3 sinh 2t

Answer of Q4

i- z =5 isoutside contour, while z =1 isinside contour, therefore

?CO—S(Z)dZ Cﬁwdz—- i cos(1)

tz°—-6z+5 ¢ z-1 2
22+52+7
)2

iii- Since z = 3i isinside contour, while z = -3i is outside contour, therefore

ii- =i isinside contour, therefore st dz = 4ni

= 27i Res,- 5, where Res,- 5= -(1/108)i, therefore q@( . = n/54

dz
Cf (Z% +9)? +92



Answer of O5

By taking Laplace for Both equations, therefore

1) 3[ sY(s) —y(0)] +4Y(s) = 1/(s2), therefore Y(s) = @t 4% =) + (BSi 2’ thus
1 1 1 1

YO~ 391956131 T+ @3] 3(s-WIAP-(2519) * s+ @3]’

therefore  y(t) = % g1 sinh(5/3)t + % 43

2
5

2 3s+1

i) (F+1) V(9 -35-1= L&+ (£+1

, therefore Y(s) = , therefore

t
y(t) = | (1-cosu) du + 3cost + sint = 2[t—sint] + 3 cost + sint
u=0



